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Abstract: Mesh generation in the pre­processing stage of a 
conventional finite element analysis, can be a time­consuming 
procedure. Different methods have been proposed to modify this 
drawback. One of the proposed methods is the polygonal finite 
element technology. The polygonal finite element method 
(PFEM) enhances the conventional finite element (FE) approach 
with two major modifications. First, using polygonal elements 
causes mesh generation significantly easier. Second, by 
incorporation of more nodes per element, interpolation can be 
done more precisely. Like the conventional finite element 
method (FEM), the PFEM cannot model solely radiation 
damping effect of an unbounded media. In this paper, for the first 
time, the PFEM is coupled with the scaled boundary finite 
element method (SBFEM) and the proposed method is employed 
to evaluate seismic soil­structure interaction problems. Two 
shaking table tests are designed and used to model seismic tunnel 
responses. Then by using the achieved experimental results, 
accuracy and efficiency of the PFEM­SBFEM are investigated. 
It is shown that the introduced numerical approach leads to 
results that are in excellent agreement with those of the designed 
shaking table tests. 

Keywords: Scaled boundary method; Polygonal finite element 
method; Tunnel; Seismic analysis; Shaking table.

I. INTRODUCTION 

Numerical approaches have been widely known as an 
attractive and efficient procedure for solving complex geo­ 

structure boundary value problems (BVPs). There are lots of 
methods that can be applied to analyze these problems. For 
example, the finite differences method, FDM (Hajialilue­Bonab 
et al., 2015; Razavi et al., 2017), the finite element method, FEM 
(Nath et al., 2013; Zhou et al., 2014), meshless approaches (Chen 
et al., 1998; Binesh et al., 2014), the discrete element method, 
DEM (Bretas et al., 2016; Xu & Ye, 2019) and the boundary 
element procedures (Grigoriev et al., 2004a,b) have been 
employed successfully to evaluate BVPs previously. In the use of 
most of these methods, a predefined mesh or at least a predefined

integration cell is required. Creating a mesh for different 
problems, especially with complex geometry, can be a time­ 
consuming task in the preprocessing stage of an analysis. 

The polygonal finite element method (PFEM) is a feasible 
approach in both the pre­processing and processing stages of an 
analysis (Sukumar et al., 2004). The PFEM has been applied in 
solving diverse problems. Sukumar & Tabarraei (2004) 
developed a conforming PFEM to analyze problems of solid 
mechanics. Tabarraei & Sukumar (2006) used the PFEM for 
nonlinear analysis. Biabanaki & Khoei (2012) applied a PFEM to 
model large deformation problems. Talischi et al. (2014) used the 
PFEM to model incompressible fluid flow. Chi et al. (2015) 
proposed a PFEM to model finite elasticity problems. Nguyen­ 
Xuan et al. (2017a) present a novel adaptive PFEM to analyze 
cracked structures. Nguyen­Xuan (2017b) used the presented 
adaptive PFEM for topology optimization in another research. 
The polygonal finite element method was applied to analyze 
plates by Nguyen­Xuan (2017c), as well. Rajagopal et al. (2018) 
used the PFEM to model hyperelastic material behavior. 

As the reviewed literature indicates, the polygonal finite 
element method is rarely applied for seismic problems. Same 
with the conventional finite element method, the pure PFEM 
cannot model the radiation damping effect accurately. A usual 
way to model wave propagation problems is the application of 
boundary discretizing approaches. The conventional boundary 
element method (BEM) is a strong technology which can be 
employed to model geo­structural boundary value problems. 
Seepage (Rafiezadeh et al., 2014), static (Ribeiro et al., 2014) 
and dynamic problems (Pak et al., 1999) have been successfully 
analyzed so far by the boundary element method. A fundamental 
solution is required in the boundary element modeling of 
different problems. The fundamental solution is an exact answer 
for governing differential equation and should satisfy the 
governed partial differential equation (PDE) in the whole of the 
domain. Calculating this fundamental solution for different 
problems can lead to many computational efforts and make the 
BEM computationally expensive. 

An alternative semi­analytical method to model seismic 
problems is the perfectly matched layer (PML). The perfectly 
matched layer method acts as an absorbing layer that can almost
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completely avoid reflection of waves from a boundary of 
problem. So, the PML can model the radiation damping effect 
accurately. The PML was presented by Berenger (1994) for 
electromagnetic problems, firstly. For elasto­dynamic wave 
propagation problems, Chew & Liu (1996) presented the 
modified PML formulation. The PML method can be coupled 
with the FEM or other numerical approaches. For example, 
Fontara et al. (2017) applied the coupled PML­FEM to solve 
dynamic and seismic soil­structure interaction problems and 
Duan et al. (2016) used the PML for computing the eigenmodes 
of elastic waves in buried pipelines. 

The infinite element method (IFEM) is another numerical 
approach to model wave propagation problems in unbounded 
domains. The coupled IFEM­FEM is used frequently to model 
wave propagation problems in semi­infinite unbounded domains. 
These efforts indicate that the infinite element method can be 
employed to model the radiation damping effect satisfactorily 
(Yeong­bin et al., 2009). Yang et al. (2003) and Yang and Hung 
(1997) used the FE­IFE method to model train induced vibration 
and its effect on adjacent structures. 

In recent years, Wolf & Song (1996) developed a novel 
boundary discretization approach that does not require any 
fundamental solution. This method, which is called scaled 
boundary method, is a semi­analytical approach and couples the 
main advantages of the two FEM and BEM (Deeks et al., 2002). 
In the scaled boundary method (SBM), a scaling center (SC) and 
two dimensionless local coordinates (η, 𝜉), for two­dimensional 
(2D) problems, should be defined to transform the governing 
equations to the scaled boundary coordinate system. The 
schematic domain discretization approach in the scaled boundary 
method can be detailed as shown in Figure 1. Same as the BEM, 
the SBM has been applied to solve various engineering problems. 
For example, the SBM has been employed to model seepage 
(Bazyar et al., 2015), static (Lin et al., 2014) and dynamic 
problems (Hajialilue­Bonab et al., 2015; Hajialilue­Bonab & 
Tohidvand, 2015). 

To model seismic soil­structure interaction (SSSI) problems, 
Junyi et al. (2003) used a free field input model based on the 
coupled scaled boundary finite element­finite element (SBFE­ 
FE) method in the time domain. Genes and Kocak (2002) used 
the SBFE­FE method to evaluate seismic soil­structure 
interaction problems. A nonlinear seismic analysis was carried 
out in Celebi et al. (2012) to predict building responses to 
earthquake loading. Seiphoori et al. (2011) used the SBFE­FE 
method for three­dimensional analysis of concrete rockfill dams. 
Bazyar & Basirat (2012) detailed the formulation of the SBFEM 
to investigate seismic problems. Tohidvand & Hajialilue­Bonab 
(2014) conducted a seismic soil­structure interaction analysis 
using the coupled scaled boundary spectral element­spectral 
element method (SBSE­SEM). They used an adaptive method to 
calculate acceleration unit impulse matrix in seismic loading 
condition. Hassanzadeh et al. (2018) proposed the scaled 
boundary point interpolation method and applied it in modeling 
seismic soil­tunnel interaction problem. 

The coupled PFEM­SBFEM has not yet been used to model 
seismic wave propagation problems. Application of the 
polygonal elements to model near field of a domain can enhance 
mesh generation procedure. In addition, by increasing the 
number of nodes per element high order shape functions can be

achieved. In this paper, the coupled polygonal finite element­ 
scaled boundary finite element method is used to model wave 
propagation problems, for the first time. 

II. THE POLYGONAL FINITE ELEMENT METHOD 

The main step in the construction of the polygonal elements 
is the evaluation of shape functions. Wachspress (1975) proposed 
an easy approach for the definition of shape functions of the 
polygonal elements. The Wachspress shape functions use the 
principles of perspective geometries to satisfy the nodal 
interpolation and linearity on boundaries (Biabanaki et al., 2011). 
A detailed description of the Wachspress method can be found in 
Meyer et al. (2002). Here a brief explanation of the approach is 
presented. Wachspress shape function can be defined using the 
below expression (Meyer et al., 2002):

å
j=1

=i n

w j ( x )

wi ( x )f w
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A(a,b,c) is the signed area of the predefined triangle (abc) and 
thPi is the i node of the polygon and can be defined as shown in 

Figure 2. The variables γ and δi are detailed in Figure 2 andi 
should be calculated for each integration point and interpolation 
node. Vector calculus operations can be employed to determine 
Wachspress shape functions. By defining vertices of a pre­ 
considered triangle (p , p +1, p) as (a , a ), (b , b ) and (x , x2),i i 1 2 1 2 1 
cot δi can be obtained by (Meyer et al., 2002): 
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Other steps of the polygonal finite element method are so 
similar to the conventional finite element approach.

Fig. 1 The domain discretization scheme of the scaled boundary method
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Fig. 2 A sample polygonal element

III. THE SCALED BOUNDARY FINITE ELEMENT METHOD 

The SBFEM is a relatively novel, semi­analytical approach 
which can be applied to accurately model bounded and 
unbounded media (Deeks et al., 2002). This method has four 
coefficient matrices (E , E , E , and M ) where E0 is a positive0 1 2 0 
definite, symmetric matrix and can be calculated using Eq. 4. E1
is a non­symmetric matrix, which contains both shape functions 
and their derivatives. E can be calculated using Eq. 5. E2 is1
another symmetric coefficient matrix and can be derived using 
Eq. 6. M0 can be considered as the mass matrix of unbounded 
medium and Eq. 7, can be used to construct this matrix (Deeks et 
al., 2002).
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In these equations, [D] and [𝜌] are the elasticity and density
matrices respectively, and [B ] includes shape functions and [B2]1 Where M∞(t) is the acceleration unit impulse response matrix
contains derivatives of shape functions (Deeks et al., 2002). For 
the time­domain modeling of wave propagation in unbounded 
domains by using the scaled boundary method, a unit impulse 
response should be calculated. This response can be stated in 
terms of acceleration, velocity or displacement impulse 
responses. For homogenous unbounded media, scaled boundary 
equations for these responses have been derived (Wolf et al., 
1996). The dynamic stiffness matrix of an unbounded medium 
can be computed using Eq. 8. In this Eq., s is the parameter of 
dimension (s=2 for 2D and s=3 for 3D problems). A. An Elastic Half­Space Subjected to the Ricker Wavelet Type 

In order to analyze unbounded media in the time domain, the Dynamic Load 
scaled boundary equation in acceleration unit impulse response
has been derived previously (Wolf et al., 1996). Eq. 9, presents 
the integration formula to calculate the acceleration unit impulse 
response matrix.
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Where H(t) is the Heaviside­step function. After computing 
the acceleration unit impulse response matrix, the equation of 
motion can be constructed. For dynamic or seismic loading 
cases, this equation can be written as:
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Where [M], [C] and [K] are the mass, damping and stiffness 
matrices, respectively and {a}, {v} and {u} are the acceleration, 
velocity and displacement vectors. The subscript 𝛤 indicates 
degrees of freedom of the nodes on the near and far field 
interface. The subscript (i) denotes degrees of freedom on the 
remaining nodes of the structure. In this equation, {r𝛤} is the 
interaction force vector, and for a seismic loading case can be 
calculated as:

t t t tt a ag ( dr t M ¥ (ò
t

){ ( ) )}( ) = - - (11)
0

and ag is the seismic input acceleration.

IV. NUMERICAL VERIFICATIONS 

In this section, two numerical benchmark examples are 
investigated to show the accuracy and efficiency of the proposed 
polygonal finite element­scaled boundary finite element method 
to analyze soil structure interaction problems.

In this example, an elastic half­space is undertaken to 
illustrate the capability of the PFE­SBFEM to model wave 
propagation problems. The elastic half space on the Cartesian
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coordinate system is shown in Figure 3(a). This half­space has an 
5elastic modulus as E=2.66×10 kN/m2, Poisson’s ratio as v=0.33 

3and a mass density ρ=2×10 kg/m3. Figure 3(a) also shows the
details of the loading and the observation points. Figure 3(b) 
shows the used polygonal mesh to discretize the assumed near 
field soil domain, and Figure 3(c) shows the Ricker wavelet type 
dynamic load which is applied to the domain horizontally. To 
model the bounded medium, the polygonal finite element method 
is used. The radiation damping effect of the unbounded soil 
medium is modeled by the scaled boundary approach. The results 
of the coupled boundary element­finite element (BE­FE) method 
extracted from (Lehmann, 2005) are used to verify the achieved 
results. The result of the calculated horizontal displacement of 
point A is shown for both above­mentioned approaches in Figure 
4. It is shown that there is an excellent agreement between the 
coupled PFE­SBFEM and BE­FE approaches.

B. An Elastic Half­Space Subjected to a Strip Dynamic Load 
An elastic soil medium subjected to a vertical strip dynamic 

load is assumed in this example. The considered medium and the 
applied dynamic load are detailed in Figure 5(a). The polygonal 
finite element mesh which is used to discretize the near­field soil 
domain is shown in Figure 5(b). The considered half­space has 

7elastic modulus E=1.77×10 kN/m2 and shear wave velocity 
equal to 4.74×102 m/s. The load intensity is equal to 68980 
kN/m. The results of the proposed PFE­SBFEM are compared 
with the results of the boundary element method extracted from 
(Estorff et al., 2000). The comparison of the results is shown in 
Figure 5(c). It is shown that an excellent agreement between the 
two methods is achieved.

Fig. 3 The assumed elastic half­space (b) The used polygonal elements in the near field (c) Time history of the load function
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Fig. 4 The horizontal displacement time histories of the point A
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Fig. 5 (a) The considered near field soil medium and the applied load time history. (b) The used polygonal finite element meshes (c) Displacement 
time histories of the points B and C.

V. NUMERICAL AND EXPERIMENTAL STUDIES 

As a global issue, the overgrowth of the population in large 
cities has led to a serious scarcity of proper above­ground space 
for conveying of traffic and subsequently urges the use of 
underground space. Construction and development of 
underground transportation lines like metro tunnels in urban 
areas is an effective alternative to reduce the volume of traffic. 
Evaluation of these tunnels against seismic excitations is one of 
the fundamental steps in the design process of such facilities. 
Therefore, seismic tunnel response analyses have attracted 
increasing attention in recent years. In this section, circular and 
rectangular tunnels are selected to experimentally model the 
seismic behavior of tunnels using a 1g shaking table test. Then, 
the achieved results are used for verifying the proposed PFE­ 
SBFE approach.

A. Circular Tunnels
To experimentally model the seismic behavior of tunnels and 

verify the proposed polygonal finite element­scaled boundary 
finite element method, a shaking table test was designed. Figure

6 shows the shaking table apparatus, and the shear box used for 
this test. The soil container used in the study is a laminar shear 
box with overall dimensions of 1.32 m length (x), 0.86 m width 
(y) and 0.82 m height (z). The soil container was constructed by 
21 steel frames stacked on each other. A circular tunnel with 
rigid lining is considered. To model rigid lining, an aluminum 
box with a high elastic modulus is used (Figure 7). 

Prior to the loading procedure with the shaking table, a 
hammer blow test was performed manually on the soil column. 
The soil was poured inside the shear box on the shaking table 
using the automatic pluviation device by placing a vertical array 
of some accelerometers within the soil. A plastic hammer was 
then used to create excitation in the first accelerometer placed at 
the top of the soil column. The difference between arrival times 
of shear waves to each accelerometer was measured. The shear 
wave velocity of the soil within the shear box was obtained in 
intervals between the accelerometers with distance to time ratios. 
As a result, the material properties of the surrounding soil in the 
model are defined by the shear wave velocity vs=80 m/s, 
Poisson’s ratio v=0.3, and mass density ρ=1.55 ton/m3. Table 1 
shows the values of the material properties for the soil used in the 
experimental model.
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As the scaled boundary method can model the radiation 
damping effect of the semi­infinite soil medium, only a small 
part of the soil domain is modeled. In addition, because of the 
symmetry, only half of the system is modeled. Figure 8 shows 
the geometry of the system which is used in numerical study. The 
model is subjected to some periodic base excitations. The 
acceleration time history of the first applied vibration is shown in 
Figure 9. The time history of horizontal acceleration of point A is 
shown in Figure 10. Excellent agreement can be observed 
between the results of the experimental test and the PFE­ 
SBFEM. For the second case, another acceleration time history is 
applied to the shaking table apparatus. The time history of the 
applied acceleration is shown in Figure 11. The acceleration time 
history resulting from the second test is shown in Figure 12. As 
can be clearly seen, the results of PFE­SBFEM are perfectly 
consistent with the experimental data. 

B. Rectangular Tunnels 
A shaking table test of a rectangular tunnel is designed to 

further investigate the accuracy of the proposed polygonal finite 
element­scaled boundary finite element method. Like the 
previous test, the rigid lining is considered for the tunnel. Figure 
13 displays the used aluminum box in the shaking table test. 
Shear wave velocity of the soil in the used model is evaluated by 
a hammer blow test same as the first modeling and mass density 
of the soil is determined directly from the constructed model. 
The material properties of the surrounding soil in the model are 
defined by the shear wave velocity vs=50 m/s, v=0.3, and mass 

3density ρ=1.55 ton/m . Table 2 shows the values of material
properties for the considered model. 

The geometry of the system used in the numerical modeling 
is detailed in Figure 14(a), and the generated polygonal mesh can 
be seen in Figure 14(b). Like the circular tunnel case, two 
different input acceleration time histories are applied in this test. 
The first applied acceleration time history is shown in Figure 15. 
The horizontal acceleration of point A is shown in Figure 16. It is 
clearly shown that the result of the shaking table test is almost 
matched with those of the coupled polygonal finite element­ 
scaled boundary finite element method. The second input 
acceleration time history is illustrated in Figure 17. The 
acceleration time histories obtained from the experimental and 
the numerical studies are shown in Figure 18. As it is shown, the 
result of the employed numerical approach perfectly concurs 
with the experimental data. 

Table 1 The soil properties used in the first experiment
Material property Value

Mass density (ton/m3) 1.55 
Shear wave velocity (m/s) 80

Table 2 The soil properties used in the second experiment
Material property Value

Mass density (ton/m3) 1.55 
Shear wave velocity (m/s) 50

Fig. 6 The shaking table apparatus and the used laminar shear box in 
experiments

Fig. 7 The used aluminum box to model lining of the circular tunnel

Fig. 8 The geometry of the system comprising of the circular tunnel and 
the surrounding soil medium
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Fig. 9 Acceleration time history of the applied vibration in the shaking 
table test for the first analysis
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Fig. 11 The acceleration time history of the applied vibration in the 
shaking table test for the second test
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Fig. 12 The horizontal acceleration of point A.

Fig. 13 The aluminum box used as the lining of the tunnel in the second 
shaking table test

Fig. 14 The geometry of the system comprising of a rectangular tunnel 
and the surrounding soil which is used in the second shaking table test. 

(b) The used polygonal mesh
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Fig. 18 The acceleration time history of point A

VI. CONCLUSION 

In this paper, a coupled polygonal finite element­scaled 
boundary finite element method was presented for the seismic 
evaluation of soil­tunnel interaction analysis. The use of the 
polygonal elements makes the mesh generation procedure 
considerably easier than corresponding procedure with the 
conventional elements. In addition, by using more nodes per 
element in the polygons, p­refinement can be done, and better 
interpolation can be achieved. Application of the presented 
coupled PFE­SBFEM was investigated using two numerical 
benchmark examples. Excellent agreement was observed 
between the results of the PFE­SBFEM and the other numerical 
approaches (like the conventional boundary element method). 
After these verifications, two shaking table tests were used for 
modeling the seismic behavior of circular and rectangular 
tunnels. The results of the PFE­SBFEM were compared with 
those of shaking table tests and excellent agreement between 
them was obtained. It can be concluded that the proposed 
coupled method can model the seismic response of tunnels 
efficiently and with a high accuracy.
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